Basic Calculus: Differentiation

March 2025

1. First Principle of Differentiation

Notes

The derivative of a function f(z) from first principles is defined as:
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Examples

Example 1: Differentiate f(z) = 22 using the first principle.
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Example 2: Differentiate f(z) = 2% + 3z using the first principle.
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Worksheet
1. Differentiate f(x) = 2% using the first principle.
2. Differentiate f(x) = 22% + 42 using the first principle.
3. Differentiate f(z) = x* using the first principle.
4. Differentiate f(z) = x* — x using the first principle.
5. Differentiate f(x) = 5% using the first principle.
6. Differentiate f(r) = 622 + 2x using the first principle.
7. Differentiate f(x) = 22* — 22 using the first principle.
8. Differentiate f(x) = x° — 3z using the first principle.
9. Differentiate f(r) = 322 + 222 using the first principle.
10. Differentiate f(x) = x°® using the first principle.
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2. Product Rule

Notes

The product rule states that if u(z) and v(z) are functions of z, then:
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Examples
Example 1: Differentiate f(x) = 22 (3z + 1).

Fa) = L fa?

Example 2: Differentiate f(z) =
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(23 — z)(222% + 3).
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Worksheet
1. Differentiate f(z) = z - (422 + 1) using the product rule.
2. Differentiate f(z) = (2% +2) - (23 — 1) using the product rule.
3. Differentiate f(x) = (2? — 3x) - (2z + 5) using the produect rule.
4. Differentiate f(z) = (3z2) - (#® +4) using the product rule.
5. Differentiate f(z) = (z + 1) - (z* — %) using the product rule.
6. Differentiate f(x) = (2z — 1) - (z® + 3z) using the product rule.
7. Differentiate f(z) = (2 +4) - (¥2 — 2) using the product rule.
8. Differentiate f(r) = (52 — 2) - (z° + 1) using the product rule.
9. Differentiate f(z) = (2?4 ) - (32® — x) using the product rule.
10. Differentiate f(x) = (4z +3)- (22? — ) using the product rule.
Solutions
1. f'(z) =1222+1
2. f'(x) = 5at + 622 — 22
3. fl(x) =62% =22 — 15
4. f(x) = 1223 + 242
5. f'(z) = 5x* + 423 — 322 -3
6. f'(x) =8z —32° + 122 — 3
7. f'(x) = bzt — 622 + 8z
8. f/(z) =203 — 322 +5
9. f'(z) = 1223 + 622 — 22
10. f'(z) = 2422 + 82— 7
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3. Quotient Rule

Notes

The quotient rule states that if u(x) and v(z) are functions of z, then:
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Examples
Example 1: Differentiate f(z) = ;jl.
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Example 2: Differentiate f(z) = ;—;%
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Worksheet

1. Differentiate f(z) = 2243 using the quotient rule.

2. Differentiate f(z) = ﬁzgfl using the quotient rule.

3. Differentiate f(z) = ””:;21 using the quotient rule.

4. Differentiate f(z) = izf‘ll using the quotient rule.

5. Differentiate f(z) = % using the quotient rule:

6. Differentiate f(r) = 22l using the quotient rule.
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7. Differentiate f(z) = Izl%h using the quotient rule.

8. Differentiate f(x) = zz;gi using the quotient rule.

9. Differentiate f(x) = izif using the quotient rule.

10. Differentiate f(x) = 5a° using the quotient rule.
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Solutions

1. f'(x) = (2w)(ac)x—2(w2+3) _ z2;3
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4. Power Rule

Notes

The power rule states that if f(x) = 2™, then:

f'(z) = na"?

Examples
Example 1: Differentiate f(z) = x°.
f'(x) = 5z
Example 2: Differentiate f(z) = z3.
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Worksheet

1. Differentiate f(x) = z* using the power rule.

2. Differentiate f(x

using the power rule.

3. Differentiate f(x

using the power rule.
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using the power rule.
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5. Differentiate f(x
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7. Differentiate f(x

using the power rule.

8. Differentiate f(x 7 using the power rule.
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10. Differentiate f(x using the power rule.



Solutions

1. f/(z) = 4a®

2. f'(x) = 32°

3. f(z) =2

4. f'(x) = a3
5. f(x) =273
6. f'(x) = 62"

7. f'(zx) = 2273
8. f!(x) = Tab

9. f'(x) = Ja?
10. f'(z) = =327 %




5. Chain Rule

Notes
The chain rule states that if f(z) = g(h(x)), then:

Examples

Example 1: Differentiate f(x) = (22 + 1)3.

£'(e) = 3(a* +1)°

dx

Example 2: Differentiate f(z) = (22% + z)?.

f(x) =422 + x)3 - %[23:3 + ] = 4(22% + z)?

Worksheet
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Differentiate f(x) =
Differentiate f(z) =
Differentiate f(z) =
(

Differentiate f(z) =

(2 + 2)? using the chain rule.
(z? — 1)°® using the chain rule.
(322 + 4x)3 using the chain rule.
(z* — 2)2 using the chain rule.

Differentiate vx2 + x + 2 using the chain rule.

Differentiate f(z

Differentiate f(z

()
() =
Differentiate f(z) =
Differentiate f(z) =

(z) =

Differentiate f(x

= (2% + = + 1)* using the chain rule,

2% — 3x)3 using the chain rule.
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(423 + 5)20 using the chain rule.
(2% =1)3 using the chain rule.
(z*

22 + 3x)* using the chain rule.

i[xz +1] =3(2? +1)2 - 22 = 6a(x® + 1)*

(627 +1) = 4(22° +2)?

- (62% + 1)



Solutions

L. f'(z) = 2(z® + 2)(32?) = 62%(2® + 2) = 62° + 1222
2. f(x) =5(x% - 1)*- (2z) = 10z(z® — 1)*
3. f'(z) = 3(322 + 4z)? - (62 + 4) = (18z + 12) (322 + 4xz)?
4. f'(z) = 3(a* — 2)% - (42°) = 122°(z* — 2)?
5. fz) = (@ +2+2)V? = fl(2) =@ +a+2)7 32+ 1) = 2(3022:;12)% = ;A
6. fl(z) =4z +2+1)3- 22 +1) =Bz +4)(z? +2+1)3
7. f/(x) = 3(22% — 32) - (4z — 3) = (122 — 9)(22> — 3z)?
8. f'(z) = 20(4x3 + 5) - (122?) = 240z (423 + 5)*°
9. f'(z) = 3(2® — 1)%- 52* = 152%(2® — 1)?
10. f'(z) = 4(2? + 32)3 - (22 + 3) = (82 + 12)(2? + 3z)?




